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ABSTRACT. We consider nonlocal variational problems in LP, like those that appear in peridynamics, where the func-
tional object of the study is given by a double integral. It is known that convexity of the integrand implies the lower
semicontinuity of the functional in the weak topology of LP. If the integrand is not convex, a usual approach is to
compute the relaxation, which is the lower semicontinuous envelope in the weak topology. In this paper we compute
such a relaxation for a scalar problem with a double-well integrand. The relaxation is non-trivial, and, contrary to the
local case, it cannot be represented as a double integral, as the original problem. Nonetheless, we show that, as for the
local case, the relaxation can be expressed in terms of the energy of a suitable truncation of the considered function.

1. INTRODUCTION

The object of this paper are functionals I of the form

(1) I(u) :ﬁ]{lw(x,x’,u(x),u(m’))dx’ dz.

where {2 C R" is a bounded open subset, u : 0 — R is in some Lebesgue space LP with 1 < p < co, and the integrand
w:QxQxRxR— R satisfies some natural regularity, coercivity and growth conditions. The symbol f indicates
the integral divided by the measure of €2; the use of the average integral is just a convenient normalization. This
kind of functionals represents an energy and appears in many contexts in the modelling of some nonlocal processes,
such as peridynamics [37], phase transitions [2], pattern formation [2I], image processing [23] and diffusion [4]. Our
main motivation comes from peridynamics: in such a context, () represents the reference configuration of a solid which
undergoes a deformation u, and I measures the energy of that deformation. The nonlocal behavior comes from the
fact that the energy density takes into account the interaction between all points of the body.

A usual procedure for showing the existence of minimizers of the energy functional I is the direct method of the
Calculus of variations, whose main ingredients are coercivity and lower semicontinuity. The natural topology in this
context is the weak topology in LP, since it is in this case where the coercivity implies the compactness. The works
[20, 13| 10} B3], 1] deal precisely with the issue of existence of minimizers, and, as a part of the study, they analyze
necessary and sufficient conditions for the the lower semicontinuity of I in the weak topology of LP. One of such
necessary and sufficient conditions involves a nonlocal property of convexity which is difficult to understand, even
for n = 1; see [29, 12, T9]. Nevertheless, when the integrand w = w(x,2’,y,y") does not depend on (z,z’), and the
dependence on (y,y’) is through the difference y — ¢/, i.e., when, given a function f : R — R, the energy functional is

2) 1) = § § fule) = @) do'da.

such a nonlocal property of convexity is equivalent to convexity of f: see, e.g., [I1l Sect. 7].

Thus, if f is not convex, the functional I is not lower semicontinuous in the weak topology of LP. A usual approach
to tackle this obstacle is to consider the relaxation I*, which consists in finding the lower semicontinuous envelope of I.
In the classical local context of nonlinear elasticity, understanding the relaxation is capital to study the microstructure
of the material [§], although in this nonlocal context the relaxation has a slightly different interpretation in terms of
microstructure, as will be seen in Section

Relaxation for nonlocal functionals similar to I but depending on Vu was analyzed in [30} [29] [12] T9]. These works
study necessary and sufficient conditions for the weak lower semicontinuity, as well as abstract relaxation functionals,
but they do not compute the lower semicontinuous envelope of the considered functional. The article [II], on the other
hand, analyzes the relaxation of the functional I in terms of Young measures, which are, roughly speaking, families
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of probability measures parametrized by = € €2 that capture the information of the possible oscillations of sequences
converging weakly in LP(2).
In this paper we compute the relaxation I* of I for a particular, but paradigmatic, case of non-convex f; namely,

(3) f(t) = —2at? + 14, a >0,

one of the most used double-well potentials for modelling phase transitions. For such an integrand, we give an explicit
formula for the relaxation which allows us, among other results, to solve the question, in the negative, of the integral
representation for the relaxed functional, i.e., we show that there does not exist any function g such that I'*(u) can
be written in the form

(4) ]é]é g(u(x) —u(x')) dz da’.

Such a result was suggested in [33] [I1] but its proof was left open. Moreover, even though for this f the functional
I(u) only depends on the second and fourth moments of u (see Section @, its relaxation I* cannot be written as a
function depending on those moments.

The main steps of the proof are the following:

i) We start with the result of Bellido and Mora-Corral [I1], which states that the relaxation of I in the space of
Young measures is the functional I defined in the space of Young measures in Q x R as

() = ][ fy— o) (e, dv(z, ),
OXRJIOQXR

and show (see Proposition [3) that I*(u) can be characterized as the minimum of /() among Young measures v
with barycenter u. This result is totally analogous to classical results in local problems.

ii) In Propositions |§| and |7} where we consider a general integrand w, we obtain (first and second order) optimality
conditions satisfied by any measure v that solves the minimization problem of Step . To do so, we adapt the
method of Pedregal [32], who established optimality conditions for a problem defined in the set of Young measures
with no restrictions. Since the original problem in [32] contains Vu, the analysis was limited to n = 1. Here, we
obtain optimality conditions for any n > 1, and, in addition, we incorporate the restriction that the barycenter
of v has to be u.

Later, an analysis of our optimality conditions for the specific f given in allows us to conclude (see Steps
1-3 in the proof of Theorem E[) that the optimal Young measure has the form

{5,“(1) fOI' T € Ql,
Vy =

vz (z) —u(z) u(z)—vi(z)
1)22(3:)—1)1(56) 5”1(1') + vz(x)—vll(:c)(s for z € .

va(z)
for some disjoint sets 21,y with union Q and some functions vy, vs.
iii) We do variations of the v; and vy and conclude that v; +wv2 = 0 and vy and vy are constant (see Steps 4-5 in the

proof of Theorem E[) Moreover, v? = v3 = b, where b, is the only solution b > 0 to the equation

b=a — 34 max{u® b}
Q
(see Section [7)).
iv) We do variations of €2; and conclude that €2; is the set where u? > b, (see Step 6 in the proof of Theorem |§[)
Thus, v is completely determined, I*(u) = I(v) and, in fact,

(5) 1" (u) = I (max {ful, /max{b,., 0} })

(see Theorem [11] and Corollary [12)).

It is worth noticing that, even though Young measures are extensively used in the characterization of I*, our final
formula for I* does not involve Young measures, as can be seen from .

The impossibility of expressing I* as a functional of the style represents a remarkable difference with the local
case. Nevertheless, there are also some similitudes, since, as formula shows and will be explained in Section
both local and nonlocal relaxations can be obtained through a suitable truncation of u.
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We mention two relevant works related to ours: [26, [25]. In [26], lower semicontinuity and relaxation for nonlocal
problems are also studied, but in the context of L>°. In such a work the functional involves the essential supremum
and the authors show that the relaxed functional has the same structure as the original one (with another supremand),
a remarkable difference with our negative representation result (see Proposition [L6). A follow-up of [26] is [25], where
they show that, in general, the relaxation in L of functionals I of the style of is not given by a double integral.
They also show instances where the relaxation does preserve the structure of a double integral. Their approach is very
different from ours and is based on the study of nonlocal inclusions.

Although the relaxation is determined here for the specific f given in 7 we believe that the same techniques
can be used to compute the relaxation for I in when f is a C? even function with a typical profile of a double-well
potential. However, the relaxation of I for an integrand depending explicitly on (z,2’) seems to be substantially more
difficult, as does the vectorial case (when u takes values in R%).

This paper is organized as follows. Section [2] presents some definitions about Young measures in LP. In Section
we review the results of [I1], which shows the formula for I, the relaxation of I in the space of Young measures.
In Section 4| we prove an abstract formula for I* in terms of I, namely, I*(u) is the minimum of I(v) among the
Young measures v with barycenter u. In the same section we also review the necessary and sufficient conditions for I
to be lower semicontinuous in the weak topology of LP. In Section [5| we adapt the method of [32] to find optimality
conditions for the Young measures that minimize I, for general n > 1 and under the constraint that their barycenter is
u. The core of the paper are Sections |§| and [7] I For the particular case of ({2 . ) when f is given by . we give in Section
|§| a complete description of the Young measures with given barycenter that minimize I. Using this result, in Sectlon@
we compute I*. Section I illustrates the relaxation result of Section |7} I to compute I*(u) for particular examples of u,
while in Section |§| we use such examples to show that I'* is not given by a functional of the form or by a function
depending only on the second and fourth moments of u. Finally, in Section we compare our relaxation formula
with that of the local case, and give an interpretation in terms of the microstructure of the deformed material.

2. YOUNG MEASURES IN LP

In this section we briefly recall the definitions and results concerning Young measures that are needed in the
paper; for the proofs and general expositions, we refer the reader to [38|, B9, BT} Bl [7, [, 22 [11].

We start with some general notation of measure theory. Throughout the paper, £ denotes a non-empty bounded
open set of R™, n > 1; from Section [3|it will be assume to be connected (so, a domain) and with a Lipschitz boundary.

We will use both Lebesgue and Borel measurability: Lebesgue measurability will be in a Lebesgue measurable
subset of R™, while Borel measurability will be in R. The Lebesgue measure in R™ will be denoted by L™; the
Lebesgue measure of a measurable E C R™ is denoted by L£™(E) or |E|. When we just write measurable, it means
Lebesgue measurable, while, when we say B-measurable, it means Borel measurable. Likewise, L™ ® B-measurable
means measurable in 2 X R with respect to the product measure. In fact, the paper deals with functions defined either
in O x QxR xR (in which case we assume £2" ® B2-measurability) or in R (in which case we assume B-measurability).
In the notation of the introduction, these two cases correspond to the integrands w = w(z,2’,y,y’) and w = f(y —y').

Given a measurable set F and 1 < p < 0o, the Lebesgue space LP(F) is defined in the usual way. Weak convergence
in L? is denoted by —.

Given a € R, the Dirac delta at a is denoted by d,, while the average integral fE denotes the integral in F divided
by L(E).

Given E C R™, C(E) is the set of continuous functions in E. Its subset of bounded functions is denoted by Cy(E),
and is endowed with the supremum norm |-|| . In addition, Cy(F) is its subset of functions u such that for every
€ > 0 there exists a compact K C E such that |u(z)| <e forallz € E\ K.

A Young measure in 2 X R is a measure v in 2 x R, equipped with the £™ ® B-sigma algebra, such that for any
measurable E C (,

v(E x R) = L"(E).

We denote by Y(€) the set of Young measures in © x R.
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Thanks to the procedure of disintegration (or slicing; see, e.g., [0, Th. 4.2.4]), any v € V() can be identified
with a family (v;),cq of probability measures on R such that for all f € Cy(©2 x R), the map

SRR /R fla,y) dva(y)

QXRf(%y)dV(CE,y):/Q(/]Rf(x,y)dyz(y)) de.

Thus, we write v = (V),cq- In the sequel, we will use both approaches.
Any measurable function v : 2 — R can be identified with the Young measure v* = (v}}), . given by vy = dy(a)
for all z € Q, i.e.,

is measurable and

R

Q
for all ¢ € Cp(©2 x R). With a small abuse of notation, we write u € Y(Q).
Given p > 1, we denote by YP(Q) the set of v € Y(£2) such that

[l vl <.
QxR
As a consequence of Holder’s inequality, YP(Q) C Y4(Q) if 1 < g < p.
3. RELAXATION IN THE SET OF YOUNG MEASURES

In this section we recall some results of [I1] that will be used later. Given a function w: Q2 x Q@ x R xR — R, it is
said to be symmetric if w(z,z’,y,y") = w(z’, z,y’,y) for a.e. z,2’ € Q and all y,y’ € R. We say that w is Carathéodory
if it is £2" ® B%-measurable and for a.e. x, 2’ € 2, the function w(x,z’,-,-) is continuous.

We fix p > 1 and define the functional I in LP(£2) as in . In this work, no boundary conditions are imposed,
although a slight variant of the proofs can easily deal with them; in any case, boundary conditions in a nonlocal
context are different from the usual Dirichlet or Neumann conditions in a local setting; see, e.g., [I1]. We assume that
the problem is invariant under translations, i.e., I(u) = I(u + a) for all w € LP(Q2) and a € R. This is the case, for
example, if w depends on y and gy’ only through the difference y — ¢, as we will assume from Section @ Thus, we
can assume, without loss of generality, that [, u = 0. We denote by L{(€) the set of u € LP(Q2) such that [,u = 0.
Accordingly, our problem is to calculate the relaxation I* of in the weak topology of L{ ().

Given v € YP(Q) and i € N with ¢ < p, we define its ith moment M;(v) as the measurable function M;(v) : Q@ — R

M;(v)(x) ::/yi dv, (y).

R
Jensen’s (or Holder’s) inequality shows at once that M;(v) € L7 ().
The first result that we recall from [I1]] gives the relaxation of I in YP(§2). The precise statement is the following,
where we denote by Xxp(o,s) the characteristic function of the ball B(0,4) of R".

Theorem 1 ([I1], Th. 6.3). Let Q be a Lipschitz domain of R", fird > 0 and letp > 1. Assumew : QX QAxRXxR = R
is symmetric, Carathéodory and there exist ai,as € Ll(Q x Q) and ¢ > 0 such that

1
(6) ar(@,2') + X (@ =) ly—y'I" < Jw(z, 2,y y)] < azlz,a) +e (g +1y'[7),

for a.e. z,2' € Q and all y,y' € R. Let YP°(Q) be the set of v € YP(Q) whose first moment u lies in L5(Q). Define
L,1:)YP(Q) > RU{c0} as

L) = {I(u) ifv= (5“(55))169 for some u € LE(Q),

%) otherwise,

! N dy ol o 0
j(l/) — /QXR/QXRU)(QT71';ZJ79)(1 (z,y)dv(2’,y") if v e PP (Q),

00 otherwise.

Then, the lower semicontinuous envelope of I1 with respect to the narrow topology is I.
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We point out that the term |y/|P in the right-hand side of (6) was mistakenly missed out in [II]. Theorem
mentions the narrow topology for Young measures: we refer to [II] or general references on Young measures
38, 39, BT, B [7, 6, 22] for its definition, because it is not essential here; indeed, it is only used in the proof of
Proposition [3] below.

A second key result that we will need is the following nonlocal Poincaré inequality. It has been proved, with
different versions, in [14], [I5, Th. 1], [34, Th. 1.1], [3| Prop. 4.1], [I, Cor. 3.4] and [24, Cor. 4.6]. The following
formulation is taken from [10, Prop. 4.2] and [1I}, Prop. 4.3].

Proposition 2 ([I1], Prop. 4.3). Let Q be a Lipschitz domain of R™, fix 6 > 0 and let p > 1. Then there exists A > 0
such that for all uw € L{(S2),

/ lu(z)|” dz < )\// lu(z) — u(z’)|” da’ dz.
Q Q JonB(z,s5)

4. RELAXATION IN LP

As mentioned in the previous sections, we denote by I* the lower semicontinuous envelope of I in the weak
topology of L{ (), i.e., I* is the greatest lower semicontinuous function in L§(Q) that is below I:

I :=sup{J: J: L§(Q) — R is Ls.c. in the weak topology and J < I}.

Condition () and Proposition 2] imply at once that, for any u € L§(f2), the quantity I(u) is well defined and finite
if and only if u € LP(Q). In fact, given a subset A C L(§2), we have that A is bounded in LP(Q) if and only if
{I(u) : u € A} is bounded. As a consequence, in order to calculate I* it suffices to consider bounded sets in L(£2). As
bounded sets in the weak topology are metrizable (see, e.g., [16, Th. 3.29]), the topology in those sets A is metrizable.
In particular (see, e.g., [6, Th. 11.1.1] or [22, Prop. 3.12]), for any u € L5(Q2),

I"(u) = inf {liminf[(uj) : {ujtjen C LE(Q) and uj; — uas j — oo}
]A)OC
and, moreover, we have that a functional I'* is the relaxation of I if and only if:

(i) For any sequence {u;};en in L{(£2) such that u; — u as j — oo for some u € L{(2), we have

I"(u) < liminf I(u;).
j—o0
(ii) For any u € L§(Q) there exists a sequence {u;};jen in L{(2) such that u; — u as j — oo and

I"(u) = jlgrolo I(uy ).

Although T'-convergence is not used in this paper, we mention that the relaxation I* is nothing but the I'-limit
of the constant sequence I.

Given u € LE(2), we denote by VE(€) the set of v € YP(€) such that M;(v) = u.

We are now able to give the result that establishes the relation between I* and the functional I introduced in
Theorem [1} it shows a total analogy with the local case (see, e.g., [22] Th. 8.20]) and will be the starting point for our
analysis. As pointed out above, its proof is the only place in the article where narrow convergence of Young measures
is actually used and we send the reader to any of [38] [39] BT Bl [7} 6], 22} [T1] for its definition and properties.

Proposition 3. Let w: Q x QxR xR — R satisfy the same assumptions of Theorem . Then, for every u € L§(Q),
I*(uw) =min{I(v): v € YE(Q)}.

Proof. Let u € LE(Q) and denote by m,, the infimum of {I(v): v € YE(Q)}. We first show that this infimum is
attained, so it is in fact a minimum. Condition (6) shows that m, € R. Let {v;};en be a sequence in YZ(2) such that
I(vj) = my, as j — oo. Then, {I(v;)};en is bounded, and, by (6]) and Proposition we have that

sup/ ly|? dl/j(x,y) < 0.
JEN JOXR
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According to the criterion of tightness for Young measures (see, e.g., [T, Th. 3.3]), there exists v € Y(Q) such that,
for a subsequence, {v;};en converges narrowly to v. By semicontinuity (see, e.g., [11, Prop. 3.8]),

I(v) < liminf I(v;) = my,.
j—o00

In particular, v € YP(R2). Let h € L>°(Q2). We apply the semicontinuity result for Young measures (see, e.g., [6, Prop.
4.3.3]) to the function ¢ :  x R — R defined by ¢(z,y) = h(x)y. We thus obtain
/ h(z) My (v)(z)de = / h(x) / ydv,(y) de < lim inf/ h(x) / ydvd(y)de = / h(z)u(x)d.
Q Q R Q R Q

J— 00

When we apply the same result to —¢, we obtain the opposite inequality, so we obtain

/Q h(z) My(v)(z) do = / h(z) u(z) dz.

Q
As this is true for every h € L>®(Q), we conclude that M;(v) = u a.e. in Q. Hence, v € YP(2) and v is a minimizer
of Iin YP(R).

We set J(u) := min {I(v) : v € YE()} and show that J satisfies conditions 7 above. This will imply that
J=1TI"

Let {u;}jen be a sequence converging weakly in L5(2) to some u € LE(Q). By the criterion of compactness for
Young measures (see, e.g., [31, Th. 6.2], [0, Rk. 4.3.3] or [22| Th. 8.2]), there exists v € Y?(Q2) such that {u;};en
converges narrowly to v in YP(Q). As before, M;(v) = u, so v € YP(Q2). By the semicontinuity of I (see [I1, Prop.
5.9]),

J(u) < I(v) < liminf I(u;) = liminf I (u;).

J]—00 J—00
This proves condition .
To prove condition , given u € LH(Q) we consider a v € YP(€2) such that J(u) = I(v). As I is the relaxation of
I and I; in YP° (see Theorem [l| and the discussion at the beginning of this section), there exists a sequence {u;}jen
in LE(Q) such that u; — v in the narrow topology of Y?(Q) and I(u;j) — I(v) = J(u) as j — co. Moreover, u; — u
in LP(Q) (see, e.g., [31 Th. 6.8], [22, Th. 8.11] or [I1, Lemma 3.13]). This proves condition for J and shows that
J=1TI". (]

Obviously, I* = I if and only if I is lower semicontinuous in the weak topology of L(£2). Conditions for this
lower semicontinuity were analyzed in [20] [13] [IT]. In those papers it is proved, as a particular case, the following
result, where we denote by w~ the negative part of w.

Proposition 4 ([II], Cor. 5.6). Letp > 1. Let w: Q x @ X R x R — R be Carathéodory and symmetric. Assume that
there exist a € LY(Q x Q), a continuous strictly increasing g : [0,00) — [0, 00) with

lim @ =0
t—oo (P
and a constant ¢ > 0 such that
(7) lw(z,2’,y,y)| < alz,2') +c(lyl” + y'["), for ae z,2' €Qandally,y €R
and
(8) w(z, 2, y,y") <alz,2")+g(ly)) +g(y]), for a.e. z,2" € Q and all y,y' € R.

Then, the functional I of is lower semicontinuous in the weak topology of LY (SY) if and only if for a.e. x € Q and
every v € LE(Q), the function

yH/w@f%MﬁNf
Q
1S convex.

We point out that in [I1] the terms |¢/|” in (7)) and g (|y’]) in (8) were mistakenly missed out.
When the function w only depends on y — 4/, Proposition [4] takes the following form.
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Proposition 5. Let p > 1. Let f : R — R be continuous. Assume that there exist a € L*(2 x Q), a continuous
strictly increasing g : [0,00) — [0, 00) with

and a constant ¢ > 0 such that
fO<c(1+t]P),  forallteR
and
=@ <g(t), for allt € R.
Then, the functional I of is lower semicontinuous in the weak topology of LE(Q) if and only if f is conve.

5. VARIATIONS OF YOUNG MEASURES

Proposition [3|in the previous section reduces the problem of relaxation of I* in LF() to the problem of finding
a minimizer v of I in YP(£2). In this section we compute (first and second order) optimality conditions on v. For
this we follow Pedregal [32], who developed a method of ascertaining optimality conditions for Young measures. To
be precise, we adapt his method to deal with the constraint M;(v) = w, and, since our functional does not involve
gradients, we are able to treat the general case n > 1.
Apart from [32], there are several works in which optimality conditions for Young measures are derived; see, e.g.,
[35] for a very general approach, [36] for an analogue of the classical Weierstrass condition, [27] in the context of
micromagnetics, [I8] 9] for applications of the optimality condition to a numerical approximation.
We fix a function w : 2 x 2 x R x R — R such that:
i) w is symmetric,
ii) w is £2" @ B2-measurable and for a.e. z,z’ € 2, the function w(z,2’,-,-) is of class C2,
iii) there exist a symmetric a € L' (2 x Q) and ¢ > 0 such that

w(z, ',y y")| + [Orw(e, 2y, ') + |0F w(z, 2’ y,y )| + |0fw(z, o', y,y)| < ale,2’) + e (lyf” +1y'7),

for a.e. x,2’ € Q and all 4,9y’ € R.

We have denoted by 0; the partial derivative of w with respect to y, and by J> the partial derivative with respect to
y’. Analogous notation is employed for the second derivatives. The symmetry and the C? regularity imply that, for
a.e. z,r’ € Q and all y,9' € R,

(9) w(z,2',y,y) = dw(a' z,yy),  Ohw(r,2'y,y) = 0hw(a' z.y,y).
Let v € YP(Q), fix R > 0 and, for a.e. z € Q and v -a.e. y € R, let u¥ € P(R) satisfy
py (R\ [-R, R]) =0,

ie., u¥ has compact support. Define u,(y,z) = p¥(z) ® v, (y), meaning that u, is the positive, linear and bounded
operator in Cy(R x R) defined by

{har ) = /R /R $(y,2) dul(z) dva(y) Ve € Cy(R X R),

SO [tz is a positive Borel measure in R x R and, in fact, a probability measure. For each ¢ € R and a.e. x € 2 define
the probability measure % in R as

(v, ) =/]R R@(ertz)duz(y,Z), Vo € Cy(R).

Note that ¥ = v. It is immediate to see that v* belongs to Y(Q). Moreover,

/ yl? v (z, ) = / / [y + t2]? djag (y, =) do < 20 / / / (yl? + [EP|217) dpud (=) dva ()
QxR Q JRxR QJRJR

R
= 217*1 l/ ‘y|p dV(xa y) + |t|p / |Z‘p d:uz(z) dV(x,y)] < oo,
QxR QxR J—R
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so vt € YP(Q). Finally, if

[ M) dvetw) = 0
for a.e. x €  then

M08) = [ i) = [ [ 2 02 dvato) = uta) + ¢ [ M) dviy) = uta)

for a.e. x € Q, so V' € YE(Q).
Define g : R — R as g(t) = I(v'). We show that g admits two derivatives by checking that differentiation under
the integral sign is allowed. Thanks to and the fact v* € YP(Q), for each t € R,

F oL eyl ) <  F oo drder2ef @) <o
axRJOxR aJa QxR
Now,
g(t) 2][][ / / w(z, 2’y +tz,y +t2") dpe (v, 2') dpe(y, 2) dz’ dz
aJao JrRxr JRxR

and, for all t € R, for a.e. z, 2’ € Q, for yz-a.e. (y,2) € R x R and py-a.e. (v, 2') € R x R, using @,

d
&w(:c, oy +tzy +t2) = 0w(x,a y+tz,y +t2)z + Ow(a, xy + 2y +tz)2

so we obtain that, for all t € [-1,1],

d
&w(x,aj’,y +tz,y + )| < [alz, o)+ (ly + t2” + |y +t2')7)] [|2] + 2]

< [a(@,2") + 27 e (Jyl + |2 + 11" + 12'17)] [l] + |2']]
and the integral §, f, [z g Jrxg Of the last term in the previous expression with respect to dpa (3, 2') dpe(y, z) dz’ dz
can be bounded by

QR][][ a(x,2’)da’ dz 4+ 2P Re [][ ly|P dv(z,y) + RP | < oo.
aJa QxR

Similarly, using @D again,
d2
@w(az, oy +tzy +t2) = 0hw(x, 'y +tz,y +t2)23
+20%w(x, 2’y +tz,y + 1)z + O w(a! x,y + 1ty +t2)(2)?,

so, for all t € [—1,1],
d2
\ < da(a,a’) + 2 e (" + 2P + WP + 1) (2] + 122

@w(% oy +tzy +t2)

and the integral f, o [p. g Jrxg Of the last term in the previous expression with respect to due (', 2') dpe (y, 2) da’ dz
is again bounded.
Therefore, we can differentiate under the integral sign and obtain

g'(0) :][][/ Ow(z, 2y, y")z dpa (v, ") dpa(y, 2) do’ dz
QJQJRXR JRXR
+][][/ ovw(a',x,y' y) 2 dpa (y', 2') dpa (y, 2) da’ dae
QJQJRXR JRXR

= ][]Z/ ow(z, 2’ y,y")z dpe (v, 2") dps(y, 2) da' d
QJQ JRXR JRXR

- ][ 81w(x,x’,y,y')M1(,uz)dl/(x/,y/) dI/(.’E,y)
QOxRJ QxR



RELAXATION OF A NONLOCAL VARIATIONAL PROBLEM WITH A DOUBLE-WELL POTENTIAL 9

Similarly,

9"(0) = 2]l]l/ frw(z, ', y,y")2% dpar (y', 2') dpia(y, 2) da’ dz
QJQ JRXR JRXR
—&-2][][/ Oow(z, 'y, y )22 g (i, 2') dps (y, 2) do’ da
aJa JrRxr JRxR
—2f 02 w(a,a’, o) Mot dv(a' o) dv(a, )
OXRJOAXR
+2f O%w(w,a’,y,y' )My () My () dula’ ') dv(a, ).
OXRJOXR

In conclusion, if v is a minimizer of I in Y?(Q) then ¢’(0) = 0 and ¢”(0) > 0. We summarize the above findings
in the following proposition.

Proposition 6. Let p > 1 and assume w : Q2 x Q@ x R x R — R satisfies conditions @) Let u € LE(Q) and let v
be a minimizer of I in YP(Q). For a.e. x € Q and v,-a.e. y € R, let u¥ € P(R) have compact support and satisfy

/Ml(u%)de(y) =0

R

for a.e. x € Q. Then

(10) F o ey y) M) vl ') dvlag) =0
OxRJOXR

and

][ Orw(e, 2y, 5 ) Ma(u) du(z’, o) dv(z, y)

OXRJOQXR

(11)

+ f 2w (e, 2y, y' )My (u2) My (i) dv (e o) du(z, ) > 0.
OXRJOAXR

The conclusion of Proposition |§| is too abstract and heavily depends on the choice of p2. We will see in the
following result how to manage it and, in particular, how to remove the dependence on u¥.

Proposition 7. Let p > 1 and assume w : 2 x X R x R = R satisfies conditions @) Let u € LE(Q) and let v
be a minimizer of I in YP(Q). Define Hy : Q xR — R and Hy : @ x R — R as

Hl(x7y) ::][ 81“’(35755/72/79/) dV($/7y/)7
QxR

Hy(z,y) = Otw(z, o'y, y) dv(a',y).
QxR
Then for a.e. x € Q,
(12) supp v, C {y eER: Hi(z,y) = / Hy(z,y") dve(y'), Ha(z,y) > 0}.
R
Moreover,
/ O w(z, o',y 1y, y)? (e, ) dv(, )
(13) OXRJOXR

S g e ) Al ) do(ey) 2 0
OXRJOAXR
for any v € Cp(Q2 x R) with

(14) /’y(amy) dvgy(y) =0 for all x € Q.
R
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Proof. Given n € Cp(€2) and v € Cp(2 x R), define 7 € Cp(€2) and 11 € Cp(2 x R) as

() = / V) dva(y), i y) = n(@) be.y) — ().

For each x € Q and y € R, take ¥ = 0,,(5,y). It satisfies My (uY) = ~1(z,y), the measure ¥ has compact support
and, for all xz € €,

/Ml(ui) dve(y) = / 7 (z,y) dve (y) = n(z) [(z) — ¥(x)] = 0.
R R
Therefore, by of Proposition@,

-, QxRa“"(”“)“(”)d”(”)d”(” ~f 0t@) [ o) bl — @) dvslo) do

As this is true for every n € C,(Q2), we conclude that
(15) /H1 x,y) [y(x,y) — F(x)] dv.(y) = 0, a.e. z € (.
But

/ H (2, )3(z) vy / H, (2,9) / ) dvy(y') dvy () = / / H (2, )y(2,y) dva(y) dva(y).

Therefore, (15)) reads as

/]R [Hl(x,y) - /RHl (z,y) dz/z(y’)] y(x,y) dv(y) = 0, a.e. z € Q.
As this is true for all v € Cp(2 x R) we obtain
Hy(z,y) — /]RHl (z,y) dv.(y') = 0, vg-a.e. y € R,
which shows that, for a.e. z € 2, the support of v, is contained in the set of y € R such that
Hl(w,y):AHl(x,y’)de(y’),

which is a closed set since Hj(z,-) is continuous.
Now let v € Cp(2 x R) satisfy v > 0. For each x € Q and y € R take

y:

1 1
30— vaew 30w
Then, p¥ € P(R) has compact support, M;(u¥) =0 and Mz (pu¥) = v(z,y). By of Proposition [6]

0< ][ ][ (e, o'y, v ) Ma(u) du(a’ ') dv(z, y)
OXRJOXR
+ ][ (e, 2y, ') My (u8) My (i) du (e o) dw(z, )
OxXRJOQXR

= - Hs(z,y)v(z,y) dv(z,y).

As this is true for any v € Cy(Q x R) with v > 0, we conclude that Ha(z,y) > 0 a.e. z € Q and v,-a.e. y € R, so for
a.e. x € (1, the support of v, is contained in the set of y € R such that Ha(x,y) > 0, which, again, is a closed set since
Hy(z,-) is continuous. Thus, inclusion is proved.

Finally, let v € Cy(2 x R) satisfy (14). For each z € Q and y € R take pu¥ = 0,(,,). Then, p% € P(R) has
compact support, M (u¥) = v(z,y) and Ma(u¥) = v(x,y)?; moreover,

[0 watw) = [ 2 dual) =0,
R R

By of Proposition @ we readily obtain , which concludes the proof. (I
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The proof of Proposition [7| consists in showing that Conditions 7 imply f. It is not difficult to
check that, in fact, 7 and f are equivalent. In the sequel of our analysis, we will solely use , since
relation is, in general, difficult to handle.

6. STRUCTURE OF THE MINIMIZING YOUNG MEASURES FOR A DOUBLE-WELL POTENTIAL

From this section onwards, we focus on a paradigmatic example of a double-well potential. First, assume w has
the form w(z,z,y,y') = f(y —¢') for some f: R — R. The fact that the dependence of w on (y,3’) is through the
difference y — 3’ is realistic in most of the models mentioned in the introduction, and, particularly, in peridynamics.
However, the assumption that w does not depend on (x,2’) is not realistic in peridynamics or other models, but we
have been unable to derive from Proposition [7] tractable conditions when w depends on (x,2’). Thus, the functionals

I of and I of Theorem [1] read as
]l ][ flu (z')) da’ dz,

T(v) = ][ - o) (el dv(z,y),
OXRJOQAXR

and Proposition [7] takes the following form.

(16)

Proposition 8. Let p > 1 and assume f : R — R is even, of class C? and that there exists ¢ > 0 such that
FOI+ IO+ Ol <c@+ ),  teR.
Let u € LY(Q), let I be as in (16), and let v be a minimizer of I in Y2(Q). Define Hy : R = R and Hy : R — R as

(17) Hi(y) = flly—y)dv(@',y'),  Ha(y):= [y =) dv(a’,y').
QxR QxR

Then, for a.e. x € QQ,

(18) supp vy C {y €eR: Hi(y / Hi(y') dv.(y'), Ha(y) > 0} .
Finally,
][ ][ "y =) (e, y)? = y(z, 9)y (@ )] dv(a’, y') dv(z, y) > 0
OxRJOXR

for any v € Cp(Q2 x R) satisfying .

It is important to notice, that, although f does not depend on (z,z’), the measure v depends on z, as we will see
in Theorem [A

According to Proposition |5, the functional I of is lower semicontinuous in the weak topology of LF(Q) if
and only if f is convex. Thus, for the relaxation not to be trivial, we take a non-convex f and, in order to apply
Proposition [8] we take an even function with p growth. The simplest choice, that we will consider from now on, is,
for fixed o > 0,

(19) ft) = —2at? +t*

(thus we are taking p = 4), which represent a typical example of a double-well potential. As in Section 4 we denote
by I* the relaxation of I in in the weak topology of L3(Q) and by I the relaxed functional in the space of
Young measures. Our goal here is to obtain a characterization of the measures v that minimize I among all Young
measures whose first moment is u. Such a characterization is obtained in Theorem [J] below and paves the way for the
computation of I* in the next section.

By using that f, M1(v,)dz = f, u(z) dz = 0 and defining the function G : R* - R

(20) G(s t) := —das + 6s% 4 2t,
it is immediate to see that, with the choice , the functionals I : L(Q) — R and I : Y*9(Q) — R of read as

@ “e(fe f ) t=a(f . fane)
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where we have made the abbreviation

][Mz(y) for ][Mz'(ljx)dl‘, i€ N.
Q Q

From we compute the quantities H; : R — R and Hs : R — R when f is as in :

) =1 (- By-f 401}, () =13 - B),
where we have set
(22) B=a-— 3]{) My(v)

As a consequence, for a.e. x € €,

/H1 ) dv (y )—4<M3(z/x — Bu(x ][M3 )

(23) A(zx) = M3(v,) — Bu(x),

Thus, setting

condition of Proposition [8| entails that, if v is a minimizer of I in Y?(£2), it satisfies, for a.e. z € (,
(24) suppl/mc{yER:y?’—By—A(x)zo, yQZB/S}.

We present the main result of this section, in which we use , as well as other optimality conditions that we will
progressively establish, to describe the structure of the minimizers of I. Its proof follows the steps described in
the introduction.

Theorem 9. Let u € L§(Q) and v be a minimizer in Y (Q) of the functional I defined in ([21). Then, there exist
two disjoint measurable sets Q and Qo contained in Q with |\ (21 U Q2)| = 0 and a constant v > 0 such that
—v < u(x) <wv for all x € Oy, and

(25) Ou(a) for x € Qq,
Vg = u(x u(x
(3-42) o0+ (5+42) 6, forae .

In addition, the following relations involving the quantity B defined in hold true:

_ 3 2
@ — g7 Jo, u

(26) B=
[922]
1+ 345,
(27) uw?(z) > B for all x € Q, u?(z) < B for all x € Q,
(28) if |Q2| > 0 then B = v2.

Proof. The proof is divided into several steps.

Step 1. We begin by constructing 7 and 5. Condition implies that, for a.e. z € Q, the measure v, is a
convex combination of three Dirac masses supported in the roots of the polynomial

(29) y® — By — A(z) =0
We will now show that, when such a polynomial has three real distinct roots, one of them does not satisfy
(30) y> > B/3

and thus can be discarded in view of condition .
Let us thus assume that the polynomial has three real distinct roots. A necessary and sufficient condition for

that is the discriminant 4B3 — 27A(z)? of equation to be positive, which gives B > 0 and —1 < A(;) ]23—73 < 1.
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A(z)
2

Let 6 € (0, ) satisty cosé =
by

(31) yk:21/§cos (“2(21)”) k=1,2,3.

We now claim that ys does not fulfill condition , which is equivalent to cos? (‘9"’%) > i. Indeed, since 6 € (0, 7),
we have H% € (%’T, %’r) and, hence, cos® (M%) < i.
This discussion allows us to define €7 as the set of x € Q such that supp v, consists of one point, and s as the

set of = €  such that supp v, consists of two points.

Step 2. We show that €7 and 9 are measurable. As |Q)\ (@1 U$2)| = 0, it suffices to show that € is measurable.
According to our definition, and recalling that M;(v,) = u(x), we have Q) = {z € Q: vy = dy()}. In fact, we claim
that Q) = {z € Q: Ma(v,) = u(x)?}. Indeed, if x € O, then My(vy) = Ma(dy(y)) = u(z)?. Conversely, let = € Q
satisfy My(v,) = u(z)?. Then, by Holder’s inequality,

%. According to Viete’s formula, the three real roots yi,ys,ys of are given

u(@)| = [M ()] < /R lyldve(y) </ Ma(ve) = [u()],

so all inequalities of this string are in fact equalities. Equality

/R lyl dva(y) = /Mol

expresses the case of equality in Holder’s inequality, which implies that there exists r > 0 such that y? = r? for v,-a.e.
y € R. Hence v, = t10_, + t26, for some t1,t5 > 0 with ¢t; +¢2 = 1. But then

u(@)? = Ma(ve) = / v dug(y) = tir? + tor? = 12,
R
so 7 = |u(x)|. On the other hand,

w(@) = M (vy) = /Rydvx(y) = —ti|u(@)] + tao|u(x)] = (t2 — tr)[u(2)],

which implies that u(x) = 0 or {¢1,t2} = {0,1}, which, in either case, shows that supp v, consists of one point.
Therefore, as claimed, Q1 = {z € Q: Ms(v,) = u(z)?}. As v is a Young measure, the map x + Ma(v;) is measurable.

2

Since u” is also measurable, the set {2; is measurable.

Step 3. There exist v1, vy € L(Qg) such that v1(x) < u(z) < ve(z) for all € Qy and

_ va(z) — u(x) u(z) — vy (z)

(32) va () — v1(x) Ourta) + va () — v1 ()

Opy(z) for z € Q.
Indeed, according to our definition of s, for each x € 9 there exist vi(x) < va(z) and A(z) € (0,1) such that
Ve = M2)0y, (2) + (1 = A(2))dyy (2). Condition M (v,) = u(x) yields A(x)vi(x) + (1 — A(z))ve(x) = u(x), thus

Mp) = 2@ Zul@) gy ) = M) )
va(z) — v1(x) va(x) —v1(x)
In addition, the restriction A(x) € (0,1) leads to v1(z) < u(x) < vo(x).

Now we show that the functions vy, vy are measurable. Indeed, using , it is easy to see that yo < 0 < yy,
thus v1 = y2 and v = y;. Since A(z) is measurable, so is § = f(x), as a composition of a continuous function after a
measurable one, and the same occurs for vy and vs.

Finally, we check that vy, v € L*(Qs). Given z € Qy, let y € R satisfy y> — By — A(x) = 0. By Young’s inequality,

, B2y
ol < 1Bl + 14| < 202 4 BE g,
SO
2 2| B|3/2
(33) 2 < 2P0 4 4w,
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Looking at (23), we note that A € L3 (), since M3(v) € L3 () (because v € Y*(Q)) and u € L*(Q). In view of
and , we obtain that v1, vy € L*(2y).

Step 4. We show that v; +wvo = 0 a.e. in {23, by performing variations of the functions v; and v,. We can assume
in this step that |Q2| > 0. We fix € > 0 and set

Dy i={r € Q2 :v1(z) <ulx) —e and u(z) + e < va(z)}.
For € > 0 small enough, |2 .| > 0. We take ¢ € L>(2 ) \ {0} and define, for each ¢, s € R with
€
|t‘7 ‘8‘ < T
el
the functions v!, v : Qo . — R as v} := vy +tp and v§ := va + s . Then, v{ < u < v§ in Qo and, if we set
¢

S
vy — U ts  U—V]

tys | __
Abs = b=

s to s t?
Uy — U1 Uy — 3

we have \o*, AL® > 0 and A\o® + \5® = 1. Consider now v5 € Y(Q) defined by
s v in Q\ Qg
AP0, + A5 %0y in Qo

which, due to 7 coincides with v for ¢ = s = 0, and satisfies My (v) = u,

M, (v) in Q\ Qo
s/ )2 s/ 2 .

ATT(0))T +A5%(v3)” in Qo

M4(V) in Q \ QQ’E,

4 .
AP (08)" + 257 (v3)” in Qo

As u € L*(Q) and vy, ve € L*(22), we have that v-% € Y1(Q).
We compute the first terms of the Taylor development when (¢, s) — (0,0) of the functions involved: up to order
O(|(t, 5)|?), we have

2 2
(v])” = v? + 2tv1p, (v3)” = V2 + 2502,
(Ui)4 = vf + 4tv§’cp, (v§)4 = 113 + 451)34,0,
vy — U Vg — U U — vy
Moo = +t +s
! V2 — U1 (02 —U1)2(p (U2 —01)2%
\bs u— g ; Vg — U U — vy
= — — s
2 V2 — U1 (02 —U1)2(p (U2 —01)2%
o)
2 , 2
)\ﬁ’s (vf) + /\g’b (US) = u(vy + v2) — v1v2 — t(ve — u)p + s(u — v1)p
and

AP (08" + A" (13)" = — 010203 + w10z + 03) + u(v} + vBva + o103 + o)
— t(vg — u)(?n)% + 2u1v9 + US)QO
+ s(u— vl)(vf + 2v1v9 + 3115)@,

again up to O(|(t, s)|?) terms. Using these developments and recalling (20)), and (22)), we obtain that

t

I =1(v) - @ A

[—4B +2(30] + 2v1v2 + v3)] (v2 —u)

S

+ JE—
9] Jas.

[—4B +2(v] + 2v1v2 + 3v3)] (u —v1)
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up to O(|(t,s)|?) terms. As v is a minimizer of I, the function (¢, s) — I(v"*) has a minimum in (0, 0), implying

d - d -
71 t,s — 7] t,s — 0
dt (V ) t=s=0 ds (V ) t=5=0 ’

which yields

/ [—2B + 307 + 20102 + v3] (v2 — u) ¢ = 0,
Q2,E

/ [=2B + v + 2v1v2 + 3v3] (u —v1) = 0.
92,5

Since this is true for all ¢ € L>(€Qs.), we infer that

(—2B + 30f + 2v1v2 + v3) (v2 — u) = (2B + v} + 2v1v2 + 303) (u—v1) =0
a.e. in Qs .. As vy <u < wyin Q. we obtain that
(34) — 2B + 30 + 2010y + 02 = —2B + v? + 2v1v5 + 303 = 0.

Subtracting these equalities, we find that v3 —v? =0, so v1 +v2 = 0 a.e. in Qg .. As Qp = Unen 22,1/n, we conclude
that v; +v9 = 0 a.e. in Qs.

Step 5. We now construct the constant v and prove , and . First of all, observe that, if [Q3] = 0 we
can redefine ()5 as the empty set, so there is no need of constructing v, thus has been established in this case.
On the other hand, reduces to (22)).

Assume, instead, that |Q3] > 0. By adding the two equalities in we obtain v? + v1v2 +v5 = B a.e. in Qo .,
thus, as above, vf + vivg + v% = B a.e. in ()3. By combining this relation with the one established in Step 4, we
obtain that v% = v% = B a.e. in . Due to the fact that v; < vo, we find that there exists a constant v > 0 such that
vy = —v; =0 a.e. in Qy and v2 = B > 0.

Using the definition of B given in , as well as , we obtain

3 3
B=a—-— /u2+Q v2>:a—(/ w2 4|0 B)
o (], v+ o Uy, " 1)

and, by solving in B, we get .

Step 6. Finally, we prove . The second relation easily follows from the previous points: if [Q5| = 0, as already
mentioned, we can redefine Qs as the empty set, so there is nothing to prove; otherwise, if |Q22] > 0, it follows from
the fact that u? < v? a.e. in €5 and that, in this case, we have v = B from .

The main idea to prove the first relation is to perform some variations on the domain ;. Let S := {z € Q; :
u(x)? < B}. We shall show that |S| = 0. If B < 0, this is immediate, so assume B > 0. By Lebesgue’s differentiation
theorem, there exists a set S’ C S such that |S’| = |S| and, for all 2o € S, if we set S, := B(zo,t%) NS for t > 0,
we have that

S, 1 1
lim [Sentl _ 1, lim —/ u? = u(z0)?, lim —/ ut = u(z0)*,
N0 wpt t\O wpt Sugut N0 wpt Sugut
where w,, is the volume of the unit ball of R™. These equalities can be equivalently written as
d d d
(35) a|s€60,t| = Wn, a u’ = Wnu(xO)Qa a ut = wnu(x0)4'
t=0* Smo,t t=0+ S;ng,t t=0+

We want to show that S’ = ). Assume, for a contradiction, that S’ # ), fix zo € S’ and, for ¢t > 0, define
vt e YA(Q) as
Vg if x € Q\ Szt

TG R) e (- 8) b e s

Then,
MQ(Vx) ifx e Q\Sxo,ty M4(Vx) ifx e Q\Sxo,ty

My(vt) = 1/; =
() {B it € Sy, %) {32 if © € Spys
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0= i (/ MQ(”)‘/szo,t
]{2M4(y 1l (/ My (v /0 u + S5t B2>.

SO

’LL2 + |S$07t‘ B) s

vy (35),

d w
—4 MVt = (—u(x9)® + B),
T A TR R
d w
—4 My = 2 (—u(xo)* + B?
A TR
Thus, using (20), @1) and @2),
d- _ Wn 2 2w 4 2
dtI(V)t_0+( 4o+ 124 Mo )> IQI( u(zo)® + B) + Q) (—u(zo)* + B?)
—4w, B 2w
= T (- +B " (—u(wo)* + B2
|Q| ( ( ) ) |Q| ( ( 0) )
_2wn

= Q) (u(zo)* — B)".

Since 1° = v and v minimizes I, we have &1(v* ’t o+ = 0,50 u(x9)® = B, a contradiction with the fact that zo € S’

Therefore, S’ = ) and, hence, |S| = 0, which shows that u?> > B a.e. in ;. We redefine Q; by removing a set of
measure zero, so that u? > Bin Q. O

7. COMPUTATION OF THE RELAXATION

In this section we present the formula for I*. In view of Theorem |§|, it is important to study equality .
Considering also , given u € L(Q) and b > 0, we introduce the sets

(36) Qiup = {z € Q:u(x)? > b}, Qoup = 2\ Qs

and we define F,, : [0,00) — R as

3
(37) Fu(b) :=b—a+ — ol

/ W2 £ b0 )
Q1 u,b

Thanks to , equality holds for B = b if and only if
(38) F,(b) =0.
The following simple result shows important properties of F,.

Lemma 10. Let u € L$(Q). Then the function F, defined in 18 continuous, strictly increasing and satisfies
F, (%) > 0. Moreover, F, (%) =0 if and only if u? < T a.e. in Q.

Proof. We notice that
F,(b) = b— a+ 3{ max{u? b}.
Q

With this expression, using dominated convergence, it is easy to see that F, is continuous and strictly increasing.

Moreover,
3 3
F, (%) = —ia—l—?) Qmax{uQ, %} > -zt 3% =0,
with equality if and only if max{u?, $} = ¢ a.e. in §, that is to say, u> < § a.e. in Q. O
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Given u € L§(€2), the function H, : [0,00) — R defined by

(39) <][ max{u?, b}, ][ max{ut, b2} )

where G is as in , will be important in the sequel.
The following is the central result of the article and calculates I*.

Theorem 11. Assume §) is a connected Lipschitz open set of R™ and let u € L§(Q). For each b > 0 consider the sets
, as well as the functions F, of and H, of . The following assertions hold:

a) If
_ 2
« 3]{211 <0,
then I*(u) = I(u).
b) If
(40) o — 3][ u? >0,
Q

then there exists a unique solution of equation , which will be denoted by b,, satisfies 0 < b, < , and
I*(u) = Hy(by).

Proof. We start with @) Let B be the quantity defined in , let v be a minimizer of I in Y*(Q) and let 1, Q5 be
the sets given by Theorem [9] Then

/Mg(l/):/ u2+B|Qg|2/ u2+/ u2:/u2
Q Q1 Q Q2 Q
B:af?)][Mg(z/)gaf?)][uQSO,
Q Q

so by , |Q%2| = 0, which shows that v, = J,(,) for a.e. x € Q, and, consequently, I*(u) = I(u).
We show [bf). We have

SO

F,(0)=—-a+ 3][ u? <0,
Q

so, by Lemma equation has one and only one solution b = b, in (0,00), and it satisfies b, < 7 Asa
consequence of Theorem [9 we obtain that

(41) I (uw) = min{I(u), H,(by)}
Assume, for the moment, that w is continuous: we shall show that
(42) I (u) = Hy(by).

As u is continuous and integrates 0 over the connected set €, it has a zero. Therefore, in a non-empty open set we
have

(43) u? < o — 3][ u?.
Q

Assume, for a contradiction, that I*(u) = I(u). Then, there exists a minimizer v of I in Y2(Q) for which, using the
notation of Theorem [9] one has [{2;| = 0. By and (27), we obtain that

uQZB:a—?)][uQ a.e. in €,
Q

contrary to (43)). Therefore, I*(u) # I(u), so by we obtain ([42).
Thus, holds for continuous functions u. We now drop the continuity assumption, so let u € L§(2), and let
{vj};en be a sequence in C(2) N L*(Q) converging to u in L*(£2). Set

ijZ:]['Uj, jeN.
Q
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Then a; — 0 as j — oo. Define u; :=v; — a; for j € N. Then {u;};en C L3(Q) and u; — u in L§(Q) as j — oo. In
particular,

][u?%][uz as j — oo,
Q Q

so by we can assume without loss of generality that

04—3]{2u§>0, jEeN,

and by, is well defined. By compactness, for a subsequence (not relabelled), there exists b € [0,

¢1 such that b,, — b
as j — oo, and, by the continuity of F;, we have that F,(b) = 0. Thus, b is the only solution to corresponding to
u, and, due to , b=1b, >0.

As u; is continuous, by and (42)),

Hy,(by,) < I(uy), jeN.
Due to the continuity of I with respect to the strong convergence in L*(Q) (see (21)), we obtain that I(u;) — I(u)
as j — oo. Analogously H,, (by;) — Hy(b,). Therefore, H,(b,) < I(u). Thanks to (4I]), we conclude that also
holds.

([
We finally observe that, if u € L3(£2) is such that F,(0) < 0, then b, > 0 satisfies

][ max{u?,b,} = e bu,
Q

3
hence we have the simplified expression

(44)

— b,
Hy(b,) =G (a ,][ max{u‘l,bi}) .
3 Ja
A more compact way of writing Theorem [11] is as follows. Given u € L3(f2), if we define F, : R — R with the
same formula as but letting b € R, we still have that F), is continuous, increasing, F,, (§) > 0 and, in addition,
Fy(b) = b— o+ 3f,u? for b < 0. Consequently,

F, (min{a — 3][ u?, 0}) <0;
Q
therefore, equation has a unique solution in R, in fact, in

{min{a - 3][ u?, 0}, Z] .

Q
The alternative way of stating Theorem |11| reads as follows.

Corollary 12. Assume Q is a connected Lipschitz open set of R™. Let u € L(Q). Then

I"(u)=1 (max{|u|, \/max{bu,()}}) ,
where by, is the only solution of in R.

8. COMPUTATION OF THE RELAXATION FOR SOME SPECIFIC EXAMPLES

After having established, in the previous section, the general way to compute the relaxation, we present here some
examples where we apply such results. Apart from being useful to clarify the method described in Theorem [T} they
will be the key point to obtain the results of the next section.

The following example was essentially shown in [T1, Ex. 2]. Here we give a proof based on Theorem
Example 13. Let u € L§(Q) be such that u> < § a.e. in Q. Then I*(u)

2

e
5

Proof. By Lemma F,(2)=0,so0b, =2, and, by Theorem I*(u) = Hy (by) = G (by, b2)

—_a
=-2.
In the next example, we compute the relaxation for functions taking only two values.
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Example 14. Fiza € (O, %], let M >0, consider any A C Q with |A| = a|Q| and define the function

—aM in Q\ A.
Then,
I(u) = 2a(1 — a)M* — 4a(1 — a)aM? if 5 < a(3 — 2a),
(46) I*(u) = 8a(17a)4M4,411(41:;22aM2,2(141)042 if a(3 — 2a) < < 41— a)2,
2
-5 if 3% > 4(1 — a)?.

Proof. We have
][u2:a(1—a)M2, ][u4:a(1—a)(1—3a+3a2)M4,
Q Q

50, if 332 < 3a(1—a), which represents a subcase of the first line in ([46), Theorem [11)fa) gives I*(u) = I(u), as desired.

Assume now that ;7 > 3a(1 —a). In this case, we apply Theorem to compute the relaxation. To this end,
we have to find the unique solution of 7 thus we write the expression of F,, according to the different values of b.
Observe that a? < (1 —a)? and F,(0) < 0.

Values of b Qiup Qowp F,(b)
0<b<a*M? Q 0 b—a+3a(l —a)M?
a?M? <b<(1-a)?M?> A Q\A (4-3a)b—a+3a(l—a)’>M?

b> (1—a)’M? 0 Q 4b — «

We distinguish three cases:

o If F, (a2M 2) > 0, which is equivalent to the condition in the first line of , then the unique solution of
lies in (0,a2M?) and, according to the first line of the previous table and Theorem [11{[b), we have

I*(u) = Hy(b,) =G (]{2 u2,]{2 u4) = I(u).

o If F, (a?M?) <0< F, ((1 —a)>M?), which is equivalent to the condition in the second line of (observe
that such a condition is nonempty only if 0 < a < %), the second line of the table for F, gives that the solution

of is
a—3a(l—a)’?M?
4—3a ’

by =
thus, thanks to Theorem @,
I*(u) = Hy(b,) = G (a(l — a)>M? + b,(1 — a),a(l — a)*M* + b2(1 —a)),

which gives the desired expression.
e Finally, if F, ((1 — a)2M2) < 0, which is equivalent to the condition in the third line of , then, from the
table of F,, we obtain b, = ¢ and
() = Hu(ba) = G (but2) = G (2, 2) = -
- u\Yu) — uy Yy ) — 47 16 - 2 .

Observe that the same conclusion can be achieved from Example [T3]

The last example for which we compute the relaxation is for odd extensions of power functions.
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Example 15. Let Q = (—1,1) and u(z) = M|z|P sgnzx, with M > 0 and p > 0. Then,

_ 4aM? 4 pPtaptl e 3
I(u) = spr1 T SM (2;;11)2?4;#1) if 317 < 51
4 2 (Vou\?
) a_b M+4pb ( ) G s
4p_|_1 2p+1 M2 —
% if 37z > 4,

where by, is the unique solution b of the equation

(48) by P b(\@)p:a_ M2

2p+1

Proof. We start, as in Example computing

M? M*
][U2: s ][U4: ;

thus, if 17 < 2p+1, Theorem.. gives I*(u) = I(u), as desired.

If, 1nbteand7 iz > 2p T according to Theorem , we have to determine the unique solution b, of . Using
Lemmawe find that, if a < 4, we have that F), M2) >F, (%) >0,500<b, <M?= u(1)2. As a consequence,
if we denote by x,, the unique solution z of u(x)? = b, lying in (0,1], i.e

- (5"

M
we have Qo p = [—1, =24 ] U [0, 1], Q2.0 = (—2y, z,) and
! 3M?2
F,(b) :b—a+3/ u(z)? dz + 3bx, = b —a + 211 (1 —22PY) + 3b,,.

By using the deﬁnition of x,, it can be easily seen that F,(b) = 0 is equivalent to . Therefore, we conclude by

using Theorem [11{bf) and .,

_ 1
I*(u) = Hy(by) = G (O‘ 3b“,/ u4+b§xu)

u

a—b, M1 —xivth
— u u b2
¢ ( 5 0 dpr1 “‘T“>

which, using again the definition of z,, can be reduced to the expression in the second line of .

Finally, if % > 4, then v® < § in Q, thus, by Example E we have I'*(u) = —“72. O

9. NEGATIVE REPRESENTATION RESULTS FOR THE RELAXATION

By using the examples provided in the previous section, we are now able to provide some negative representation
results for the relaxed functional I*. This is in contrast with the local case, in which the relaxation is given by the
convexification of the integrand (see, e.g., [22, Th. 7.13 and Prop. 7.15]), and with abstract relaxation results, which
assert that under some general assumptions (most notably, the additivity with respect to the set of integration, which
is not satisfied in the nonlocal setting), the relaxation has an integral representation (see, e.g., [17]).

Now we show that I* is not given by a double integral of the form .

Proposition 16. There does not exist a Borel measurable function g : R — R such that

][][ (2"))dz’ d, u € Ly(Q).
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Proof. Assume, for a contradiction, the existence of such a g and note that it can be assumed to be even, since g and

the function

9(y) +9(-y)

H
Y 2

give rise to the same functional.
First, if we take u = 0, then Example (13| gives g(0) = 7%2.
Consider now the functions u treated in Example solet a € (0,1] and M > 0 be such that % < a(3 — 2a).
On the one hand, from there, we know that

I*(u) = I(u) = —4a(l — a)aM? + 2a(1 — a) M*.
On the other hand, assuming the existence of an even g, by using we would have that
I*(u) = (1 — 2a 4+ 2a*)g(0) + 2a(1 — a)g(M).
Therefore,
1 —2a + 2a*
M=———
9(M) 2a(1 — a)

which is a contradiction because the right-hand side depends on a, since g(0) # 0, and the left-hand side does not. O

g(0) — 2aM? + M*,

By looking at the expression , one might think that the relaxation of I* is given by a function which depends
only on the second and fourth moments of u. We show that this is not the case.

Proposition 17. There does not exist any function G : R? — R such that

:G(ﬁuQ,]{lu‘l).

Proof. Consider Q = (—1,1). On the one hand, we take u; to be the function of Example|l5|with p = 1 and M = %a,

ie.,
2
ul(x):\/?a:r, xz €.

It is easy to see that the solution of is by, = §, thus Example [15] gives

S5a o 121
I* _ o= = _ 2
() =6 <18’ 10> “ 270

On the other hand, consider us as in with a = % 7 and M = 15+ Example (14| gives

2 2646+281\/6Q2
1215 10+ 6 '

Thus, since f, u? = f,u = 2a and f,ul = f, ul = st0?, but I*(u1) # I*(uz), the existence of a function G as
in the statement is excluded. g

I(uz) = -

10. DISCUSSION AND COMPARISON WITH THE LOCAL CASE

We finish this article with a discussion of Theorem [II] which, at the same time, points out the analogies and
differences with the local case.
First of all, we recall the results for the local case. Define the functionals J : L*(2) — R and J : Y*(Q) — R as

:]{If(u(:c))d:c, J(v) = f(y) dv(z,y).

QxR

It is well known (see, e.g., [22, Th. 7.13 and Prop. 7.15]) that the relaxation of J in the weak topology is given by

9= f e
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where f€¢ is the convexification of f, which in the particular case of reads

fe) =

—2at? +t* if t| > a,
—a? if [¢] < Vo

In fact, it is easy to see (see, e.g., [22, Th. 8.20]) that, for a given u € L*(€2), the measure v € Y*(Q) that satisfies

J() = J*(u) and M;(v) = u is

(49)

Su(a) if |u(z)| > Vo
Vg = w(zx u(x :
(-88) vt (3+8R) 0um o)l <A

Therefore, an equivalent way of expressing J* is through the replacement of u? with max{u?, a}, that is to say,

J*(u) = J(max{|ul, Va}).

After these preliminaries, we are able to compare our result for the relaxation in the nonlocal case with the local

one.

a)

b)

Part @) of Theorem [11] can be rephrased as follows: if u is large (in the form f,u? > §) then I*(u) = I(u).
Likewise, in the local case, if u is large (in the form |u| > /& a.e. in Q) then J*(u) = J(u). Observe that the
condition of “being large” in the local case is pointwise, while in the nonlocal case is an integral condition.

Part @) of Theorem as well as Corollary can be rephrased as follows. If u is small (in the form f, u?* < §)
then I*(u) < I(u) and, in fact, for a well defined b, € (0, 4] we have I*(u) = I (max {|u[, /b, }). We consider two
subcases.

bl) If b, = § then, by Lemma u is very small, in the form |u| < @ a.e., 80 |u(z) — u(a’)| < V/a for a.e.

(z,2") € 2 x Q. Then the optimal Young measure is

yx:(;—zi%))é_éaJr(;Jrzi%))zSéa, x €

(this was shown in [IT], Ex. 2], but it can also be quickly inferred from Theorem |§| and Example 7 so that
{y—v 9,y €suppr,} = {—/,0,/a}. The analogy with the local case is that if |u| < \/a a.e. then the
optimal Young measure is

1 u(z) 1 u(x)
=(-——=]6_ -+ ——=6 3, € Q,
Ve (2 2\/5) ﬁ+(2+2\/a veo
which is supported in the wells of f, whereas in the nonlocal case there appears another point in the set
{y—v' :y,y €suppr,} due to the nonlocal interactions.
b2) If b, < § then, by Lemma u? > 7 in a set of positive measure; at the same time, since fQ u? < g

we also have that u? < $ in a set of positive measure. Thus, u is neither large nor very small. Then, the
[e%

point b, € (0, ) is the threshold that distinguishes whether it is worthwhile to truncate u?. To be precise, if

w(z)? > b, then the optimal Young measure is v, = 8,5, while if u(z)? < b, then the optimal Young measure
()

is
1 u(z) 1 u(z)
- = ) = 8
R GV L
In either case, this amounts to the replacement of u? with max{u?,b,}, hence I*(u) = I (max {|u|, by }).

Similarly, in the local case, if u?> < « in a set of positive measure and u? > « in a set of positive measure, then
both cases of (49) appear.

To sum up, in both the local and nonlocal cases the relaxation is given by a truncation of w from above. The

main difference is that, in the local case, the level of truncation is a number independent of u, while, in the nonlocal
case, this level depends on wu.

With the above explanation in mind, we can interpret the relaxation as the formation of microstructure as follows.

In the classical (local) case (see, e.g., [8,[28]), in the region where the optimal Young measure is a convex combination
of two Dirac deltas, a microstructure appears: the material develops finer and finer oscillations with gradients located
in the support of the two deltas. In our nonlocal case, Theorem |§| indicates that in Qs the value of «2 is small and a
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microstructure develops as a fine oscillation of the values of u between /b, and —+/b,,. Recall that /b, lies in (0, @],
so the points at which v oscillates may not be exactly the half of the wells of f, because of the nonlocal interactions.

ACKNOWLEDGEMENTS

This work has been supported by the Spanish Ministry of Economy and Competitivity through project MTM2017-
85934-C3-2-P (C.M.-C.) and project PGC2018-097104-B-100 and Juan de la Cierva Incorporation fellowship IJCI-2015-
25084 (A.T.).

REFERENCES

[1] B. AkSoYLU AND T. MENGESHA, Results on nonlocal boundary value problems, Numer. Funct. Anal. Optim., 31 (2010), pp. 1301-1317.
[2] G. ALBERTI AND G. BELLETTINI, A nonlocal anisotropic model for phase transitions. I. The optimal profile problem, Math. Ann., 310
(1998), pp. 527-560.
[3] F. ANDREU, J. M. MAZON, J. D. Rossl, AND J. TOLEDO, A nonlocal p-Laplacian evolution equation with Neumann boundary condi-
tions, J. Math. Pures Appl. (9), 90 (2008), pp. 201-227.
[4] F. ANDREU-VAILLO, J. M. MAZON, J. D. Rossi, AND J. J. TOLEDO-MELERO, Nonlocal diffusion problems, vol. 165 of Mathematical
Surveys and Monographs, American Mathematical Society, Providence, RI, 2010.
[5] Z. ARTSTEIN, Variational limits constrained by measure-valued multifunctions, in Calculus of variations and optimal control (Haifa,
1998), vol. 411 of Chapman & Hall/CRC Res. Notes Math., Chapman & Hall/CRC, Boca Raton, FL, 2000, pp. 1-23.
[6] H. ATTOoUCH, G. BUTTAZZO, AND G. MICHAILLE, Variational analysis in Sobolev and BV spaces, vol. 6 of MPS/SIAM Series on
Optimization, STAM, Philadelphia, PA, 2006.
[7] E. J. BALDER, Lectures on Young measure theory and its applications in economics, vol. 31, 2000, pp. 1-69. Workshop on Measure
Theory and Real Analysis (Italian) (Grado, 1997).
[8] J. M. BALL AND R. D. JAMES, Fine phase mixtures as minimizers of energy, Arch. Rational Mech. Anal., 100 (1987), pp. 13-52.
[9] S. BARTELS AND M. KRUZiK, An efficient approach to the numerical solution of rate-independent problems with nonconvex energies,
Multiscale Model. Simul., 9 (2011), pp. 1276-1300.
[10] J. C. BELLIDO AND C. MORA-CORRAL, Ezistence for nonlocal variational problems in peridynamics, STAM J. Math. Anal., 46 (2014),
pp. 890-916.
, Lower semicontinuity and relazation via Young measures for nonlocal variational problems and applications to peridynamics,
SIAM J. Math. Anal., 50 (2018), pp. 779-809.
[12] J. BEVAN AND P. PEDREGAL, A necessary and sufficient condition for the weak lower semicontinuity of one-dimensional non-local
variational integrals, Proc. Roy. Soc. Edinburgh Sect. A, 136 (2006), pp. 701-708.
[13] J. BOULANGER, P. ELBAU, C. PONTOW, AND O. SCHERZER, Non-local functionals for imaging, in Fixed-point algorithms for inverse

problems in science and engineering, vol. 49 of Springer Optim. Appl., Springer, New York, 2011, pp. 131-154.

[14] J. BOURGAIN, H. BREZIS, AND P. MIRONESCU, Another look at Sobolev spaces, in Optimal Control and Partial Differential Equations,
J. L. Menaldi, E. Rofman, and A. Sulem, eds., IOS Press, 2001, pp. 439-455.

, Limiting embedding theorems for W*P when s 1T 1 and applications, J. Anal. Math., 87 (2002), pp. 77-101.

[16] H. BREzIS, Functional analysis, Sobolev spaces and partial differential equations, Universitext, Springer, New York, 2011.

[17] G. BuTTAZZO, Semicontinuity, relazation and integral representation in the calculus of variations, vol. 207 of Pitman Research Notes
in Mathematics Series, Longman Scientific & Technical, Harlow, 1989.

[18] C. CARSTENSEN AND T. ROUBICEK, Numerical approzimation of Young measures in non-convez variational problems, Numer. Math.,
84 (2000), pp. 395-415.

[19] J. CASTELLANOS AND J. MUNOz, Some aspects of the existence of minimizers for a nonlocal integral functional in dimension one,
SIAM J. Control Optim., 48 (2010), pp. 3838—3858.

[20] P. ELBAU, Sequential lower semi-continuity of non-local functionals. Preprint available at http://arxiv.org/abs/1104.2686|

[21] P. FIFE, Some nonclassical trends in parabolic and parabolic-like evolutions, in Trends in nonlinear analysis, Springer, Berlin, 2003,
pp. 153-191.

[22] I. FONSECA AND G. LEONI, Modern methods in the calculus of variations: LP spaces, Springer Monographs in Mathematics, Springer,
New York, 2007.

[23] G. GILBOA AND S. OSHER, Nonlocal operators with applications to image processing, Multiscale Model. Simul., 7 (2008), pp. 1005-1028.

[24] R. HURRI-SYRJANEN AND A. V. VAHAKANGAS, On fractional Poincaré inequalities, J. Anal. Math., 120 (2013), pp. 85-104.

[25] C. KREISBECK AND E. ZAPPALE, Loss of double-integral character during relazation. Preprint available at http://arxiv.org/abs/
1907.13180.

[26] C. KREISBECK AND E. ZAPPALE, Lower semicontinuity and relazation of nonlocal L*° -functionals. Preprint available at http://arxiv.
org/abs/1905.08832.

[27) M. Kruzik AND T. ROUBICEK, Weierstrass-type mazimum principle for microstructure in micromagnetics, Z. Anal. Anwendungen,
19 (2000), pp. 415-428.


http://arxiv.org/abs/1104.2686
http://arxiv.org/abs/1907.13180
http://arxiv.org/abs/1907.13180
http://arxiv.org/abs/1905.08832
http://arxiv.org/abs/1905.08832

24 C. MORA-CORRAL AND A. TELLINI

[28] S. MULLER, Variational models for microstructure and phase transitions, in Calculus of variations and geometric evolution problems
(Cetraro, 1996), vol. 1713 of Lecture Notes in Math., Springer, Berlin, 1999, pp. 85-210.

[29] J. MuNOz, On some necessary conditions of optimality for a nonlocal variational principle, SIAM J. Control Optim., 38 (2000),
pp. 1521-1533 (electronic).

[30] P. PEDREGAL, Nonlocal variational principles, Nonlinear Anal., 29 (1997), pp. 1379-1392.

31)

, Parametrized measures and variational principles, Progress in Nonlinear Differential Equations and their Applications, 30,
Birkhauser Verlag, Basel, 1997.

[32] , Equilibrium conditions for Young measures, SIAM J. Control Optim., 36 (1998), pp. 797-813.

[33] , Weak lower semicontinuity and relazation for a class of non-local functionals, Rev. Mat. Complut., 29 (2016), pp. 485-495.

[34] A. C. PONCE, An estimate in the spirit of Poincaré’s inequality, J. Eur. Math. Soc., 6 (2004), pp. 1-15.

[35] T. ROUBICEK, Relazation in optimization theory and variational calculus, vol. 4 of De Gruyter Series in Nonlinear Analysis and
Applications, Walter de Gruyter & Co., Berlin, 1997.

, Optimality conditions for nonconvezr variational problems relazed in terms of Young measures, Kybernetika (Prague), 34
(1998), pp. 335-347.

[37] S. A. SILLING, Reformulation of elasticity theory for discontinuities and long-range forces, J. Mech. Phys. Solids, 48 (2000), pp. 175~
209.

[38] M. VALADIER, Young measures, in Methods of nonconvex analysis (Varenna, 1989), vol. 1446 of Lecture Notes in Math., Springer,
Berlin, 1990, pp. 152-188.

, A course on Young measures, Rend. Istit. Mat. Univ. Trieste, 26 (1994), pp. 349-394 (1995). Workshop on Measure Theory

and Real Analysis (Italian) (Grado, 1993).

(36]

(39]

CARLOS MORA-CORRAL, DEPARTAMENTO DE MATEMATICAS, FACULTAD DE CIENCIAS, UNIVERSIDAD AUTONOMA
DE MADRID, 28049 MADRID, SPAIN
Email address: CARLOS.MORAQUAM.ES

ANDREA TELLINI, DEPARTAMENTO DE MATEMATICA APLICADA A LA INGENIERfA INDUSTRIAL, ESCUELA
TECNICA SUPERIOR DE INGENIERIA Y DISENO INDUSTRIAL, UNIVERSIDAD POLITECNICA DE MADRID, 28012 MADRID,
SPAIN

Email address: ANDREA.TELLINIQUPM.ES



	1. Introduction
	2. Young measures in Lp
	3. Relaxation in the set of Young measures
	4. Relaxation in Lp
	5. Variations of Young measures
	6. Structure of the minimizing Young measures for a double-well potential
	7. Computation of the relaxation
	8. Computation of the relaxation for some specific examples
	9. Negative representation results for the relaxation
	10. Discussion and comparison with the local case
	Acknowledgements
	References

